Abstract. In [11] , we show that 3 of the 14 monodromy groups associated to the Calabi-Yau threefolds, are arithmetic. BravThomas (in [3]) show that 7 of the remaining 11, are thin. In this article, we settle the arithmeticity problem for the 14 monodromy groups associated to the Calabi-Yau threefolds, by showing that, the remaining 4 monodromy groups are arithmetic.
Introduction
For θ = z for α 1 , . . . , α n , β 1 , . . . , β n ∈ C, and consider the hypergeometric differential equation
on P 1 (C) with regular singularities at the points 0, 1 and ∞, and regular elsewhere.
The fundamental group of P 1 (C)\{0, 1, ∞} acts on the solution space of the differential equation (1), and we get a representation M(α; β) of π 1 (P 1 (C)\{0, 1, ∞}) inside GL n (C), called monodromy; and the monodromy group of the hypergeometric equation (1) is the image of this map, i.e. the subgroup of GL n (C) generated by the monodromy matrices M(α; β)(h 0 ), M(α; β)(h 1 ), M(α; β)(h ∞ ), where h 0 , h 1 , h ∞ (loops around 0, 1, ∞ resp.) are the generators of π 1 (P 1 (C)\{0, 1, ∞}) with a single relation h ∞ h 1 h 0 = 1.
By a theorem of Levelt ([9] ; cf. [2, Theorem 3.5]), if α 1 , α 2 , . . . , α n , β 1 , β 2 , . . . , β n ∈ C such that α j − β k ∈ Z, for all j, k = 1, 2, . . . , n, then the monodromy group of the hypergeometric differential equation (1) 2010 Mathematics Subject Classification. Primary: 22E40; Secondary: 32S40; 33C80.
is (up to conjugation in GL n (C)) a subgroup of GL n (C) generated by the companion matrices A and B of f (X) = n j=1 (X − e 2πiα j ) and g(X) = n j=1 (X − e 2πiβ j )
resp., and the monodromy is defined by h ∞ → A, h 0 → B −1 , h 1 → A −1 B. Therefore, to study the monodromy groups of n-order hypergeometric differential equations, it is enough to study the subgroups of GL n (C) generated by the companion matrices of pairs of degree n polynomials in C[X], which do not have any common root in C. Here we concentrate only on the case n = 4 and α, β ∈ Q 4 . Let f, g ∈ Z[X] be a pair of degree four polynomials which are product of cyclotomic polynomials, do not have any common root in C, f (0) = g(0) = 1 and form a primitive pair i.e., f (X) = f 1 (X k ) and g(X) = g 1 (X k ), for any k ≥ 2 and
. Now, form the companion matrices A, B of f, g resp., and consider the subgroup Γ ⊂ SL 4 (Z) generated by A and B. It follows from [2] that Γ preserves a non-degenerate integral symplectic form Ω on Z 4 and Γ ⊂ Sp 4 (Ω)(Z) is Zariski dense. The case when Γ ⊂ Sp 4 (Ω)(Z) has finite index, it is called arithmetic, and thin in other case [10] .
We now take particular examples where f = (X − 1) 4 (i.e. the local monodromy is maximally unipotent at ∞ and α = (0, 0, 0, 0)). Then, it turns out (for a reference, see [1] , [4] and [5] ) that, this monodromy is same as the monodromy of π 1 (P 1 (C)\{0, 1, ∞}) on certain pieces of H 3 of the fibre of a family {Y t : t ∈ P 1 (C)\{0, 1, ∞}} of Calabi-Yau threefolds, provided f, g satisfy the conditions that, f (X) = (X − 1) 4 and g(X) is the product of cyclotomic polynomials such that g(1) = 0, f (0) = g(0) = 1, and f, g form a primitive pair. There are precisely 14 such examples, which have been listed in [1] , [4] , [5] , [11] and Table  1 .1 of this article. It is then of interest to know whether the associated monodromy group Γ is arithmetic.
In [11] , we prove the arithmeticity of 3 monodromy groups associated to Examples 1, 11, 13 of Table 1.1. Brav-Thomas (in [3] ) prove the thinness of 7 monodromy groups associated to Examples 2, 4, 6, 8, 9, 12, 14 of Table 1.1. In this article, we prove the arithmeticity of the remaining 4 monodromy groups, for which, the parameters are α = (0, 0, 0, 0); β = ( 
); these are Examples 4, 8, 10, 11 of [1, 4] and Examples 3, 10, 5, 7 of Table  1 .1 (cf. [11, Table 5.3] ). In fact, we get the following theorem: Theorem 1.1. The monodromy groups associated to the Calabi-Yau threefolds, for which, the parameters are α = (0, 0, 0, 0); β = ( * 1 } of Q 4 , the group of diagonal matrices in Sp 4 (Ω) form a torus T, the group of upper (resp. lower) triangular matrices in Sp 4 (Ω) form a Borel subgroup B (resp. B − , opposite to B), and the group of unipotent upper (resp. lower) triangular matrices in Sp 4 (Ω) form the unipotent radical U (resp. U − , opposed to U) of B (resp. B − ). It follows from [12] that, if B is a Borel subgroup of Sp 4 , U is the unipotent radical of B, and Γ is a Zariski dense subgroup of Sp 4 (Z) such that Γ ∩ U(Z) is of finite index in U(Z), then Γ is of finite index in Sp 4 (Z). Therefore our strategy is to show that the monodromy groups Γ associated to the pairs in Theorem 1.1, intersect the group U(Z) of unipotent upper (or lower) triangular matrices in Sp 4 (Ω)(Z), in a finite index subgroup of U(Z) i.e., Γ ∩ U(Z) is of finite index in U(Z).
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Proof of Theorem 1.1
We will first compute the symplectic form Ω preserved by the monodromy group Γ, then show that there exists a basis {ǫ 1 , ǫ 2 , ǫ * 2 , ǫ * 1 } of Q 4 with respect to which
It can be checked easily that the diagonal matrices in Sp 4 (Ω) form a maximal torus T i.e.,
is a maximal torus in Sp 4 (Ω). Once we fix a maximal torus T in Sp 4 (Ω), one may compute the root system Φ for Sp 4 (Ω). If we denote by t i ,
then the roots are
} and the group of upper (resp. lower) triangular matrices in Sp 4 (Ω) form a Borel subgroup B (resp. B − , opposite to B), and the group of unipotent upper (resp. lower) triangular matrices in Sp 4 (Ω) form the unipotent radical U (resp. U − , opposed to U) of B (resp. B − ). Now, to show that the group Γ, with respect to the basis
, it is enough to show that Γ contains non-trivial unipotent elements corresponding to each of the positive (resp. negative) roots.
We will compute the symplectic form Ω, the basis {ǫ 1 , ǫ 2 , ǫ * 2 , ǫ * 1 } and the positive (or negative) root group elements P, x, y, z ∈ Γ (for notation, see the proof below), and the proof of arithmeticity of Γ follows from [12] (cf. [13, Theorem 3.5] ). We will write the descriptions only for the pair α = (0, 0, 0, 0), β = ( ) in Subsection 2.1, and write directly the form Ω, the basis {ǫ 1 , ǫ 2 , ǫ * 2 , ǫ * 1 }, the elements P, x, y, z ∈ Γ for other pairs, and the proof follows by the same descriptions as in Subsection 2.1.
2.1. Arithmeticity of the monodromy group associated to the pair α = (0, 0, 0, 0), β = ( ). This is Example 11 of [1, 4] and Example 7 of Table 1 .1 (cf. [11, Table 5 .3]). In this case
and f (X) − g(X) = −5X 3 + 4X 2 − 5X. Let A and B be the companion matrices of f (X) and g(X) resp., and let
Let Γ =< A, B > be the subgroup of SL 4 (Z) generated by A and B.
The invariant symplectic form. It follows form [2] that Γ preserves a non-degenerate symplectic form Ω on Q 4 , which is integral on Z 4 and the Zariski closure of Γ is Sp 4 (Ω). Let us denote Ω(v 1 , v 2 ) by v 1 .v 2 , for any pairs of vectors v 1 , v 2 ∈ Q 4 . We compute here the form Ω. Let {e 1 , e 2 , e 3 , e 4 
This implies that
That is, v is Ω-orthogonal to the vectors e 1 , e 2 , e 3 and e 4 .v = 0 (since Ω is non-degenerate 
We now get from (3), (4) and (5), up to scalar multiples, the matrix form of 
. It can be checked easily that with respect to the basis {ǫ 1 , ǫ 2 , ǫ * 2 , ǫ * 1 }, the P, Q, R have, resp., the matrix form 
A computation shows that if 
and U its unipotent radical, then Γ ∩ U(Z) is of finite index in U(Z). Since Γ is Zariski dense in Sp 4 (Ω) by [2] , it follows from [12] that Γ is an arithmetic subgroup of Sp 4 (Ω)(Z).
2.2.
Arithmeticity of the monodromy group associated to the pair α = (0, 0, 0, 0), β = (
). This is Example 4 of [1, 4] and Example 3 of Table 1 .1 (cf. [11, Table 5 .3]). In this case
and f (X) − g(X) = −6X 3 + 3X 2 − 6X. Let A and B be the companion matrices of f (X) and g(X) resp., and let C = A −1 B. Then 
The invariant symplectic form. Using the same method as in Subsection 2.1, we get the matrix form of
Proof of the arithmeticity of Γ. By an easy computation we get ǫ 1 = e 1 + e 3 , ǫ 2 = −6e 1 + 3e 2 − 6e 3 , ǫ * 2 = 24e 1 + 12e 2 + 12e 3 − 3e 4 and ǫ * 1 = e 1 + 2e 2 form a basis of Q 4 over Q, with respect to which
CA. It can be checked easily that with respect to the basis {ǫ 1 , ǫ 2 , ǫ * 2 , ǫ * 1 }, the P, Q, S have, resp., the matrix form 
A computation shows that if
The elements P, x, y, z patently generate the negative root groups of Sp 4 (Ω), therefore Γ intersects the group U − (Z) of unipotent lower triangular matrices in Sp 4 (Ω)(Z), in a finite index subgroup of U − (Z) i.e., Γ ∩ U − (Z) is of finite index in U − (Z). Since Γ is Zariski dense in Sp 4 (Ω) by [2] , it follows from [12] that Γ is an arithmetic subgroup of Sp 4 (Ω)(Z).
2.3.
Arithmeticity of the monodromy group associated to the pair α = (0, 0, 0, 0), β = ( ). This is Example 8 of [1, 4] and Example 10 of Table 1 .1 (cf. [11, Table 5 .3]). In this case
and f (X) − g(X) = −4X 3 + 5X 2 − 4X. Let A and B be the companion matrices of f (X) and g(X) resp., and let C = A −1 B. Then 
It can be checked easily that with respect to the basis {ǫ 1 , ǫ 2 , ǫ * 2 , ǫ * 1 }, the P, Q, R, S have, resp., the matrix form 
The elements P, x, y, z patently generate the positive root groups of Sp 4 (Ω). Since Γ is Zariski dense in Sp 4 (Ω) by [2] , it follows from [12] that Γ is an arithmetic subgroup of Sp 4 (Ω)(Z). ). This is Example 10 of [1, 4] and Example 5 of Table 1 .1 (cf. [11, Table 5 .3]). In this case
and f (X) − g(X) = −4X 3 + 4X 2 − 4X. Let A and B be the companion matrices of f (X) and g(X) resp., and let
Proof of the arithmeticity of Γ. By an easy computation we get ǫ 1 = e 2 , ǫ 2 = −e 1 + e 2 − e 3 , ǫ * 2 = 3e 1 + e 2 + 2e 3 + e 4 and ǫ * 1 = 3e 1 + 2e 3 form a basis of Q 4 over Q, with respect to which
Let P = C = A −1 B, Q = B −5 CB 5 , R = B 3 CB −3 , S = P −1 RP Q −1 . It can be checked easily that with respect to the basis {ǫ 1 , ǫ 2 , ǫ * 2 , ǫ * 1 }, the P, Q, R, S have, resp., the matrix form The elements P, x, y, z patently generate the positive root groups of Sp 4 (Ω). Since Γ is Zariski dense in Sp 4 (Ω) by [2] , it follows from [12] that Γ is an arithmetic subgroup of Sp 4 (Ω)(Z).
